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Abstract. First, we consider some fundamental properties including dual spaces, com- 
plex interpolations of a-modulation spaces Mp'^g with < p,q < oo. Next, necessary and suf- 
ficient conditions for the scaling property and the inclusions between oi-modulation and 02- 
modulation spaces are obtained. Finally, we give some criteria for a-modulation spaces con- 
stituting multiplication algebra. As a by-product, we show that there exists an a-modulation 
space which is not an interpolation space between modulation and Besov spaces. In a sub- 
sequent paper, we will give some applications of a-modulation spaces to nonlinear dispersive 
wave equations. 

Key words, a-modulation space, Dual space. Multiplication algebra. Scaling property. 
Embedding. 

AMS subject classifications. 42 B35, 42 B37, 35 A23 

1 Introduction and definition 

Frequency localization technique plays an important role in the modern theory of function 
spaces. There are two kinds of basic partitions to the Euclidean space M", one is the dyadic 
decomposition M*" = : |^| < l}U(U^i{C : ICI ^ [2^^'^ ,2^)}), another is the uniform 
decomposition M" = UfceZ" ^ According to these two kinds of decompositions 

in frequency spaces, one can naturally introduce the dyadic decomposition operators Aj (j G 
whose symbol (pj is localized in : |^| ~ 2^}, and the uniform decomposition operator 
□fc {k G Z") whose symbol ak is supported in A; + [— 1, l]". The difference between cpj and 
(Tfc is that the diameters of supp ifj and supp (T^ are 0(2^) and 0(1), respectively. All 
tempered distributions acted on these decomposition operators with finite i''{LP) (quasi)- 
norms constitute Besov space Bp ^ and modulation space g, respectively. 

The a-modulation spaces Mp'g , introduced by Grobner [11] , are proposed to be intermedi- 
ate function spaces to connect modulation space and Besov space with respect to parameters 
a G [0, 1], which are formulated by some new kind of a-decomposition operators {k £ Z"). 
We denote by ry^ the symbol of D^, whose essential characteristic is that the diameter of its 
support set has power growth as {k)°'^^^~"\ 

Modulation spaces are special a-modulation spaces in the case a = 0, and Besov space 
can be regarded as the limit case of a-modulation space when a 1. Modulation spaces were 
first introduced by Feichtinger [8] in the study of time-frequency analysis to consider the decay 



property of a function in both physical and frequency spaces. His original idea is to use the 
short-time Fourier transform of a tempered distribution equipping with a mixed L'?(LP)-norm 
to generate modulation spaces Mp ^. Grochenig's book [T2j systematically discussed the the- 
ory of time-frequency analysis and modulation spaces. In Grobner's doctoral thesis, he used 
the a-covering to the frequency space M" and a corresponding bounded admissible partition 
of unity of order p (p-BAPU) to define a-modulation spaces. Some recent works have been 
devoted to the study of a-modulation spaces (see [U [H [71 [TOl [HI [13] and references therein) . 
Borup and Nielsen [1] and Fornasier |10j constructed Banach frames for a-modulation spaces 
in the multivariate setting, Kobayashi, Sugimoto and Tomita [HI [13] discussed the bounded- 
ness for a class of pseudo-differential operators with symbols in a-modulation spaces. Dahlke, 
Fornasier, Rauhut, Steidl and Teschke [7] established the relationship between the generalized 
coorbit theory and a-modulation spaces. The aim of the present paper is to describe some 
standard properties including the dual spaces, embeddings, scaling and algebraic structure 
of a-modulation spaces. 

Before stating the notion of a-modulation spaces, we introduce some notations frequently 
used in this paper. A < B stands for A < CB, and A ^ B denote A < B and B < A, 
where C is a positive constant which can be different at different places. Let =y(]R") be the 
Schwartz space and o5^'(M") be its strongly topological dual space. Suppose / G o$^'(M") and 
A > 0, we write /a(-) = Let X be a (quasi-)Banach space, we denote by X* the dual 

space of X. For any p £ [l,oo], p* will stand for the dual number of p, i.e., 1/p + 1/p* = 1. 
We denote by = LP(W^) the Lebesgue space for which the norm is written by || • and 
by £P the sequence Lebesgue space. We will write (x) = (1 -|- Ixp)-*^/-^. For any multi-index 
6 = {61,62, - ■ ■ , 6n), we denote = dl^d2^ ■ ■ ■ d^". It is convenient to divide M" into n parts 
R],j = 0,l,2,--- ,n: 

R] = {x G M" : \xi\ ^ \xj\, i = 1,- ■ ■ ,j - l,j + 1,- ■ ■ ,n} . 

We write J = (I — A)*/^ and define the Sobolev space 

H%R^) = {fe ^'(M") : WfWns = || J^lb < 00} 

and 

£^,,(Z";LP) = [{gk}kez- : gk e ^'(M"), || ||5A:||p|[^ < 00} . 

Without additional note, we will always assume that 

s G M, 0<p,q^oo, ^ a < 1. 

Let us start with the third partition of unity on frequency space for a G [0, 1) (see [Ij). We 
suppose c < 1 and C > 1 are two positive constants, which relate to the space dimension n, 
and a Schwartz function sequence {??^}A:eZ" satisfies 

hfc(e)l>l, if\^-{k)^k\<c{k)T^; (1.1a) 
suppr/fc C : |C - {k)^k\ < C{k)T^}; (1.1b) 

{k)?^\D'7^U0\<h VCGM". (l.ld) 
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We denote 

= {{rit}k&r. : {ri'^}k&r. satisfies ([TT])} (1.2) 

Corresponding to every sequence {??^}fceZ" S T, one can construct an operator sequence 
denoted by {□^Ifcg^n, and 

Ul = ^-\t^. (1.3) 

T is nonempty. Indeed, let /? be a smooth radial bump function supported in i?(0,2), satis- 
fying p{^) = 1 as 1^1 < 1, and p{£) = as |^| ^ 2. For any k G Z", we set 

^m = A'-^^) (1.4) 

and denote ^ 

r?fc"(e) = P^(e)(E/'r(0| ■ 



It is easy to verify that {?/^}fceZ" satisfies (1.1). This type of decomposition on frequency 
space is a generalization of the uniform decomposition and the dyadic decomposition. When 
^ a < 1, on the basis of this decomposition, we define the a-modulation space by 



Mp^;°(M") 



{/ G ^'(M") : ll/IU,^.,. = \\{Utf}k&A\il^(z^;Lv) < oo} . (1.5) 



Denote ip{S,) = p{^) — p{2^), we may assume (/5(^) = 1 if 5/8 < |^| < 3/2. We introduce the 
function sequence {fk} 



oo 

fc=o- 



Define 

Aj = Vj=^, j G N U {0}, (1.7) 
{Aj}°2,o is said to be the Littlewood-Paley (or dyadic) decomposition operators. Denote 

B;,g{M.n = {/ G ^'(M") : ll/b^^ = ||{2^^A,/},ep,u{0}||,,(^.) < oo} . (1.8) 

Strictly speaking, ( |1.5| ) cannot cover the case a = 1, however, we will denote Mp^q = B^ ^ for 
convenience. 

The paper is organized as follows. In Section 2, we show some basic properties on q- 
modulation spaces, their dual and complex interpolation spaces are presented there. In 
Section 3, we discuss the scaling property. In Section 4, the inclusions between a-modulation 
spaces for different indices a (including Besov spaces) are obtained. In Section 5, we study 
the regularity conditions so that a-modulation spaces form multiplication algebra. Finally, 
we show the necessity for the conditions of scalings, embeddings and algebra structures by 
constructing several counterexamples. 
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2 Some basic properties 

In the sequel, we give some basic properties of Mplq. We need the following 

Proposition 2.1 ([E], Convolution in with p <1). Let < p < 1. L^^,^^^ = {/ G 
LP(W^) : supp/ C B{xq,R)}, B{xq,R) = {x : \x — xq\ < R}. Suppose that f,g & ^^B(xo R)' 
then there exists a constant C > which is independent of xq and R > such that 

||/*5llp<Ci?"(i/P-i)||/||p||5||p. 

Proposition 2.2. ([18j, Generalized Bernstein inequality) Let C M" 6e a compact 
set, < r < oo. Let us denote = n(l/(r A 1) — 1/2) and assume that s > Gr- Then there 
exists a constant C > such that 

Wv^f\\r<C\MHA\f\\r (2.1) 



holds for all f £ L^^ := {f e L^ : supp/ C 0,} and ip G i/'^. Moreover, if r > 1, then (2.1) 
holds for all f £ L^ . 

Proposition 2.3 (Equivalent norm). Let {jy^jfceZ"; }fceZ" ^ then they genarate 
equivalent quasi-norms on Mp'^q . 

Proof See [1]. □ 

Proposition 2.4 (Embedding). Let < pi ^ p2 < oo, < qi,q2 < oo. We have 
(i) if qi ^ 92 and si ^ S2 + na(^ - ^), then 

(a) ifqi > q2 and si > S2 + na{j^ - ^) +n(l - a)(^ - then 

Klm^^vll^r (2-3) 
Proof. From Bernstein's inequality it follows that 

\\Utf\\p,<{ky'-^^^-^^)\\Utf\\p,. (2.4) 



Then (i) follows from ^'^^ C ^"^^ and (2.4). For (ii), we use Holder's inequality to obtain 



M'^-eL ^ IK^fe/lfeeZ" 11^91 ||{l}fceZ" 11.9192/(91-92) 

Pa'-JZ =1." '^S2-si+"'»(l/Pl-l/P2).« 

For the second term in the right-hand side, we easily see that it is finite by changing the 
summation to an integration. □ 

Proposition 2.5 (Completeness), (i) Mp'^q is a quasi-Banach space, and is a Banach 
space if 1 ^ p ^ oo and 1 ^ q ^ oo. 
(ii) We have 

^(M") C Mp%"(M") C ^'(M"). (2.5) 
Moreover, if < p, q < oo, then o5^(M") is dense in Mp^ . 

Proof. See [H]. □ 
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Proposition 2.6 (Isomorphism). For any a G M, the mapping J'^ : Mp'^q 
isomorphic. 



Ms—cT,a ■ 
p,q IS 



□ 



Proof. See [18] 

Proposition 2.7. M2'^(M") = H^{W^) with equivalent norms. 

Proof. Plancherel's identity implies the result, see [Ij. □ 
2.1 Duality 

It is known that the dual space of Besov space ^ is B^^^^^^^^^^y (see [15]) and the dual 

space of modulation space ^ is Af(~vi)* (gvi)* (^^^ ffSj)- In this section we study the dual 
spaces of a-modulation spaces. 

Proposition 2.8. Suppose 1 ^p,q < oo. Then we have 

(£^,,(Z";LP))*=e;jZ";L^'*). 

More precisely, f S (£f,a(Z"'; L^))* is equivalent to that there exists a sequence {/fejfcgz" G 
i'Ls oX^^^'^ U'*^ such that for any g = {gk}kei," ^ is,ai'^"", L^), we have 



{f,9)=Y] / fk{x)gk{x)dx, 



W'^*^ II/II(£I,<,(Z";LP))* = ll{A}ll£f^^(Z";LP*)- 

It is a direct consequence of Proposition 3.3 in [19]. 

Lemma 2.1. Let {gk}kez^ £ ^f,a(Z"'; L^), and F 6e a subset ofTlI^, then we have 



feer 



< 



l|{Cfc5A;}fcer||£9_„(Z";LP)- 



Proof. We introduce 



A(A;) = {/ G : n^Df / / 0}. 



(2.6) 



(2.7) 



We denote the constant in (1.1b) relating to {??f}«ez" by C, thus for every / G A(A:), there 
holds 



(A:)T^(fc,-C)<(/)T-^(/,+C7), 
(A:)i^(A;j- + C7) > (/) (/^. - C7) 

with j = 1, • • • , n. For the above / and A;, we conclude that 



(2.8a) 
(2.8b) 

(2.9) 



If \k\ < 1 (or \l\ < 1), it is easy to see that (2.9) follows from (2.8). Thus, it suffices to show 
( |2.9[ ) in the case |fc| 2> 1 (or \l\ 2> 1). When k gM.^ with kj > 0, from (2.8a); whereas when 



k € but with kj < 0, from (2.8b)x(— 1), we see {k)^-°' < and symmetrically, we 
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have (1) < {k) . Th erefore, we get (2.9). Suppose both / and I are in A{k). substituting 
/ with / (2.8a) and (2.8b) also hold. It follows that 



Then Taylor's theorem, combined with (2.9), gives \lj — lj\ ^ 1- It follows that 

#A{k) ~ 1. 



(2.10) 



One has that the right hand side of (2.6) is 



fceA(Onr 



Z" k£A{i)nr 



k9k\\l 



«GA{/c) 



l-Q 



(2.11) 



< Ew^ip^5feii^ 

Vfeer y 



We remark that in the second inequality of (2.11), by Young's inequality, or by Proposition 
12.11 we see that 

\\DtDff\\p<\\ntf\\p, 



which enable us to remove and in the third inequality of (2.11), we have applied (2.10) 
to remove the summation on I G A(A;). □ 

Theorem 2.1. Suppose < p,q < oo, then we have 
Proof. The proof is separated into four cases. 

Case 1: 1 ^ p, g < oo. First, we show that [Mp'^q)* C M~/'^. Noticing that 

M;'-3f^{a-f}e£l^{Z^;Ln 

is an isometric mapping from Mp^q onto a subspace X = {{D^/} : / £ Mp'q} of £f,a(Z"'; LP), 
so, any continuous functional g on Mp'^q can be regarded as a bounded linear functional on 
X, which can be extended ont o ^^. gfZ"; LP) (the extension is written as g) and the norm of 
g is preserved. By Proposition 2.8 there exists {gk} G iLg ^{I/^^LP ) such that 



(5,{/fc})= E / 9k{x)fk{x)da 



(2.13) 



holds for all {fk} G ^f,a(Z";LP). Moreover, |bll(Mp";,°)* = IKSfclll^?* Since Mp]q is 

isometric to X, we see that 



{9.^) = {g,{^tv]) = j °t9kix)^ix)dx, ipGM^ 



s,a 



(2.14) 
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Hence, g = YlkeZ" ^kdki^)- view of Lemma 2.1 and Young's inequality, 



\\9\\m-"Z ~ \\{9k}kez^A\ii* (zn-LP*) - \\9\\{m;:^)*, 

which imphes i^Mp]qY C M~*'^. Next, we prove the reverse inclusion. For any / G M~/'^ C 
y, we show that / G (Mp'^g)*. Let ip £ y. We have 



LP") 



ieA(fc) 



< 



P ,9 



The principle of duality implies M^f'^ C (Afp^', 



In the following, we discuss the left three cases. From (2.2) in Proposition 2.4, we know 



s—na ^^ — 1 1 ,a 



This combined with the principle of duality gives 



M, 



(lVp)*,(lVg)* 



Hence, only the reverse inclusion needs to be proven. 

Case 2. 1 ^ p < oo, < q < 1. For any / G [Mp]q)\ take any A; G and any 99 G =5^(M"), 
we have 



{Utf,^)\ = \{f,Ut^)\ 



(2.15) 



This imphes [Mplg)* C M^/^. 
Case 3. < p, q < 1. For any / G (Mplg)* , take 



any /c G Z", we have 
□^/(x)| = K/,^-ir?^(x--))| 

= K/,^-V"(--^)>l 



< 



a l—a\p 



{k)^ 



(2.16) 



) 

00. For any / G (^Mp'qY every A; G Z", there exists some 

|P^/||oo~|^-SW(^fc)|- 

Let {ofc} be an arbitrary sequence, and we construct another sequence namely 

{Sfc}, such that \ak\ = \ak\, and the argument of is the opposite number of the principal 



This imphes (Mp^^)* C Moo, 00 
Case 4. 0<p<l,l^g< 

Xk G M*^ satisfying 
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argument oi ^ rf^^ f{x]^. From (l.lb),(l.ld), we get ||^ — '^k)\\p ^ (^) 



1 — q: \ p 



Therefore, we have 



< 



k 



-nc{l-l) 



This imphes {M^:^) C M^^^, ' 



□ 



2.2 Complex interpolation 

The complex interpolation for Besov spaces has a beautiful theory; cf. [18]. We can imitate 
the counterpart for the Besov space to construct the complex interpolation for a-modulation 
spaces. It will be repeatedly used in the following argument. Since there is little essential 
modification in the statement, we only provide the outline of the proof. 

We start with some abstract theory about complex interpolation on quasi-Banach spaces. 
Let 5* = {z : < Rez < 1} be a strip in the complex plane. Its closure {z : ^ Rez ^ 1} is 
denoted by 5*. We say that f{z) is an o5^'(M")-analytic function in S if the following properties 
are satisfied: 

(i) for every fixed z G 5, f{z) G 

(ii) for any (/? G =5^(M") with compact support, J^~^ip^ f{x, z) is a uniformly continuous and 
bounded function in x S] 

(iii) for any ip G ^(M") with compact support, ^~^ip^ f{x, z) is an analytic function in 5 
for every fixed x G M". 

We denote the set of all (M")-analytic functions in S by A{,y"{W)). The idea we used 
here is due to Calderon [1], Calderon and Torchinsky O |6] and Triebel |18j . 

Definition 2.1. Let Aq and Ai be quasi-Banach spaces, and < 9 < 1. We define 

F(^o,^i) ={v{z) G A(^'(M")) : if{i+it) G ^^,£ = 0,l,Vt G M, 

A 1 (2-17) 

y{z)\\F{Ao,Ai) = max sup \\ip{i + zt)|U^ \; 

and 

iAo,Ai)g ={/ G .y"{W) : 3ip{z) G F{Ao,Ai) such that f = ^{9), 

A 1 (2-18) 

\\f\\{Ao,Ai)o = \W{z)\\f(A,,Ai)]^ 

where the infimum is taken over all ip{z) G F(^Oi^i) such that (p{9) = f. 

The following two propositions are essentially known in [18] and the references therein. 
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Proposition 2.9. Suppose all notations have the same meaning as in Definition \2.1\ then 
we have 

((^0,^1)51, II • ||(Ao,yli)e) 

is a quasi-Banach space. 



Proposition 2.10. Suppose all notations have the same meaning as in Definition 2.1, then 
we have 

ii-&„„„iL,/i , \ (2.19) 



(Ao,Ai)e = inf sup ||(^(it)||i^-^'^sup ||v;(l + zt)||^J , 



where the infimum is taken over all '^{z) G Y{Aq^Ai) such that (p{0) = f. 



We point out the interpolation functor referred in (2.18) is an exact interpolation functor 
of exponent 9. For our purpose, we will use the following multi-linear case. 

Proposition 2.11. Let T be a continuous multi-linear operator from A^^^ 
to Bq and from A^^^ x A^^^ x • • • x A^"^^ to Bi, satisfying 



|r(/«,/(^),---,/(-))L^^Conil/^^'^ 



iiT(/«,/(2),---,/(-))ii^^^cinii/^'^ii4^) 

Then T is continuous from {A^\ A^^^^ x (Aq^\ ^[^■') 
norm at most Cg^^Cf , provided ^ 6* ^ 1. 



X • • • X 



to {Bo,Bi)e with 



Proof. From Proposition 2.10, we know there exist m sequences {<-p)^\z)^k&i: j — 1; ' ' ' !^ 
satisfying 

(2.20) 



lim sup||rf'^(it)||\;^up||^i^')(l + it)||^^ = ||/(^')||(Ao,A,)«- 



We put Vlf^(-z) = C'o" ^1 ""T{ip'j^\z)). It is easy to see that tp[^\z) € F{Bo,Bi) with 
V,(^)(e) = Co^-iCr^T/0),and 



Si) 



(3)1 



Thus, combining Proposition 2.10 we have 

IK W ' 'J ;il(Bo,Bi)fl 

m / 

^ Cl-'cimsnvU'i\m'B-!^M\^^\^ + m'B. ) (2.21) 



m 



t 



t 



^ Co^-^cfH (sup||^l^'Hit)||^;^up||rf-)(i + it)rB^ 



The conclusion follows from (2. 21), (2. 20). 



□ 
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Theorem 2.2. Suppose < < 1 and 



s = {l-e)so + esi, 



1 1 



P Po 



+ 



1 1 



Pi 



+ 



qi 



then we have 



\ PO ,90 ' pi m)e p,' 
Sketch of Proof. For z £ S, we write 

1 1-z z 



(2.22) 
(2.23) 



s{z) = (1 - z)so + ZSl, 



1 



p{z) Po Pi' g(^; 

For any / G Mp^g, we set 
Obviously, 93(2;) G A{y'{R"')) and ^3(6') = /. Direct calculation shows 

Mi + it)\\,.s„^ < II/IIm-, ^ = 0,1. 



1 — z z 

+ — 



atfU'''''"'\ntf)^{x). 



This proves that Mp%" C (Mp^go, 

Conversely, for any / G {Mp^^qo, Mplm) e' '^^ ^ A(^'(M")) such that ^p{e) = f, for some 
9 G (0, 1), we can find two positive functions no{6,t) and iii{9,t) in (0, 1) x M satisfying 

IPfc/llp^ (Y^^IPfc¥'(iOllpo^o(^,t)^it) " (^||n?v3(i + it)||;^/.i(e,t)dty , 

with Jjjj /Uo(6', t)dt = g /jg /Ui(^, t)di = 1- Taking the ll^a norm of both sides leads to 



{k)^^\\Ut^(itWvM(^^t)dt 



I r 



- \ (fc)T^|p^<^(l+it)||;^/.i(0,t)dt 
^ JM. 

Then, Minkowski's inequality implies that 

UWm;:^ ^ sup yi^t)\\j^^so,a^ sup \\ip{i + it)\\j^j 

This proves {Mpg'^qo , Mpl'^q^) ^ C Mp'^q. 
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(2.24) 



□ 



The following is a natural consequence of Proposition 2.11 and Theorem 2.2 and is frequently 
used later on. 

^(1) ^ 

Corrolary 2.1. Suppose T is a continuous multi-linear mapping from MR/ x ••• x 
(m) (m) to ^Po'qo ^^^^ norm Mq, and is also continuous, multi-linear from M ' x ■ ■ ■ x 

Po ,Qo ' Pi ,91 

M to Mpl'Z with norm Mi. Then T is continuous and multi-linear from M'',^, x 



(m) 

]^^0 -f„ A^'^O," 



• • • X M*,'_^'"_, to Afp'^ wit/i norm at most A/q ^A^^, provided ^ ^ 1, anc? 

1 1-6* 6* 1 1 

+ 



3(^') = (1 



\ U) , -9 (i) 



,(i) + Ai) ■ 

h q\ 



j = 1 ■ ■ ■ m. 
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3 Scaling property 

For Besov space, it is well known that 

II/aIIbs < A-?(1VA^ 



p. 9 



(3.1) 



For modulation spaces with s = and 1 < p, q < oo, the sharp dilation property was obtained 
in [15] and they showed 



II/a||mo„ < a 



MO 5 

p,q 



A > 1; 



II/. 



A II MO ^ ~ 



<A ^A" 



Ji , - lOVnl i-i IVnl 



A < 1. 



(3.2) 
(3.3) 



In this section, we study the scaling property of a-modulation spaces. For < p, q ^ 00 
and (ai, 02) G [0, 1] x [0, 1], we denote 



R{p,q;ai,a2) = Oy n(ai - a2) - ^) V n(ai - 02) + ^ - l) 



(3.4) 



which will be frequently used in this and the next sections. Then, we divide into 3 
sub-domains in two ways (see Fig. Pl|). One way is, = Si U S2 U S3 with 



Another way is. 



52 = {(^J)eM^i + i^l,J>^}; 

53 = M^\{SiUS2}, 
Ti U T2 U T3 with 



T2 
T3 



£^\{TiUT2}. 



If ai ^ a2, then 



R{p,q;ai,a2) 



n(ai - a2)(J - J), 
n(ai-a2)g + J-l), (J,|)gS2; 
0, (J>|)eS3. 



(3.5) 



If ai < a2, then 



i?(^»,g; 01,02) 



^J, J) G T3; 



n 



(«i-«2)(J + J-l), (J,J)gT2; 
[n(ai-a2)(J-y, (^,J)eTi. 



(3.6) 



Before describing the dilation property of the a-modulation spaces, we introduce some 
critical powers. Let us write Sp = n(l/(l Ap) — 1) and 



R{p,q; l,a), 
-R{p,q;a, 1), 



A > 1, 
A ^ 1. 



(3.7) 
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(0,0) 



Figure 1: Distribution of Sc- The left-hand side figure is for A > 1, the right-hand side figure is for 
A ^ 1. 



Theorem 3.1. Let 0^a<l,A>0 and s + Sc^O. Then 

II/aIIa/- < [(1 V A)^^ V A^+^^] ll/IU,... (3.8) 
holds for all f G Mp]q . Conversely, if 

II/aIU./-^a-?f(a)||/iu,.,. 

holds for some F : (0, oo) ^ (0, oo) and all f G Mp^q , then F{\) > (1 V Xf^ V A'*+^-. 

Proof. (Sufficiency) We denote by -^^^ the pseudo-differential operator with symbol (??^)a- 
For every I G Z"' and A > 0, we introduce 



a(/,a) = {A;gz" :n^_i/,nr//o} 



For any k G A(/, A), it follows from (1.1b) that I and A satisfy 



\{l)^{lj-C) < {k)^{kj + C)- 
X{l)T^{l^+C)>{k)^{kj-C) 



(3.9) 

(3.10a) 
(3.10b) 



with j = 1,2, ■ ■ ■ ,n. In view of (3.10), one sees that k G A(/, A) is equivalent to / G A(A;, 1/A). 



Moreover, if (3.10) holds, then 

(/) < 1 VA-(i-°) if and only if (A;)<lVA^-". 



(3.11) 



If (/) ^ 1 V A without loss of generality, we may assume / belongs to some M^, when 



Ij > 0, from (3.10a); whereas when Ij < 0, from (3.10b)x (— 1), we see (/c)i-" > A(Z) i-^ . 
Conversely, for k G A(/, A) n M", also from (3.10), we have (k) < X{1) . Thus we have 

{k) ~ Ai-"(/). (3.12) 
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(0,0) 




Figure 2: 9 regions for the proof of Theorem 3.1 



Since the volumes of supp(r/^)A and suppr/" are 0(A^"(A;)i^) and 0((Z)i-"), respectively, 
we see that 

#A(/,A) ~ 1 V A"(i-"). (3.13) 



When q = 1, from Lemma 2.1 , we have 



fcer 



^{k)^\\n^,h\\, 

fcer 

j;(A:)T^||(n^^,/,/)(A.)|| 
fcer 

A""EW^IP^,i/a/II; 



(3.14) 



fcer 



^A-?^(fc)T^ 5] IPL/Anr/llp- 

fcer ieA(fc,i/A) 

Case 1. A < 1, (i, G lUlI. For p = 1 , oo, we apply the same technique as that appeared 
in Proposition 2.3 to remove D^^/a '^^ (3.14). When \k\ < 1, from (3.11) we see that for 



I e A{k, 1/A), there is 1 < (l) i-« < 1, which leads to 



\k\<l 



M. 



< A-? w^ifWv ^ E (1 V A^)(/)T^ ipr/ii, 



(3.15) 



<A ^(IVA^ 
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By Plancherel's identity, 



ifci<i 



,ifci<i 



2s 

1-a 



«eA{fc,i/A) 



2X § 



(3.16) 



<A-t 



When 1^1 > 1, from (3.12)-(3.14), we see that 



ifci>i 



<A-?+^^ E (o^ipr/ii^ 



|fc|>i«eA{fc,i/A) 

<A-?+^E(^)^ E ipr/iip<A-"- 

z fceA(/,A) 



(3.17) 



M. 



p.i 



In view of Plancherel's formula, 



E °kf> 



|A:|>1 



^>^-^'^'[E E (o^iP^/Anr/iii 

\|A;|>HeA(fc,l/A) 



(3.18) 



<A-t+^|E(o^ E ipM/A°r/i| <A- 

; fceA(z,A) 



Combining (3.15)-(3.18), we use complex interpolation to get 

II/aIIa/,i-<a-?(iva^ 



M„ 



(3.19) 



Case 2. A > 1, (i, -) G I U III*. Through the point (|, J), one can draw the parallel line 
to the ^-axis. We assume there exists some (6,77) € [0, 1] x [0, 1], such that the parallel line 
cuts the line segment connecting (0, 1), l) and the line segment connecting (0, 0), (^, ^) 
at 1) and (|, j), respectively. Assume that 

I _e 1 _ f e\ 



When \k\ < A^"", from (3.11) and (3.14), we have 



E 

|A:|<Ai-'» 



I'I<1 



-a) 



M^i- (3.20) 



fc6A(/,A) 



By the Schwartz inequality and the Plancherel identity, 



E 



|fc|<Ai-" 



^A-tE E ipM/A°r/iii 

<A-t(ivA^+t(i-)) 11/11^... 



E 

, fceA(«,A) 



2s 

1-Q 



(3.21) 
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From (3.11), we have 



|fc|<Ai-" 



< sup (A;)T-^||n^M 

|A:|<Ai-" 



<(1VA^) sup Yl IPM/A°r/llc 



i6A(A;,l/A) 



(lVA^)sup|pr/|U<(lVA^)||/||^..^ 

I'I<1 



In view of Plancherel's equality, 





< 




|fc|<Ai-" 




\|fc|<Ai 



<A-t| j;(ivA^)2 Y: \n,,/,nffg 

\i\<i fceA(/,A) 



<A-t(lvA^) I 5^|pr/i) <A-t(lvA' 



M. 



2,2 



When > A^"", from (3.12 )-(3.14), we have 



E 

|fc|>Ai-°' 



E ipr/iloo < A^+"('--) 

fceA(«,A) 



By Jensen's inequahty, 



E 



< A-t- 



2,1 



(0^ E ipM/A°r/ik 

fceA(Z,A) 



<At+^ j;(0^[#A(/,A)]i( IP^,i/Anr/ll2 

|«|>i \fceA(/,A) ^ 



From (3.12 ), (3.13 ), we have 



E 



|fc|>Ai 



< 



sup{k)^\\niyj\\^ 



<A^sup (0^lpM/Anr/lloo<A^ 



ieA(fc,i/A) 
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Similar to (3.18), one has that 



|fc|>Ai-" 



(3.27) 



Since n(l - a)(l - f) = (1 - e)n{l - a) + 6*1 (1 - a), combining ( [Ool ),( [3l4l ),( [3^ ,( |05l ), 
complex interpolation yields 



Mi 



Combining (3. 22), (3. 26), (3. 23), (3. 27), complex interpolation yields 



(3.28) 



II/aIIm- < a-5"(iva^ 



'2 2 
S 



Interpolating (3.28) and (3.29), we have 



IIMlM;;,"<A-?(lVA-"(-")(i-^) 



(3.29) 



(3.30) 



Case 3. A > 1, ^) G II U III. Through the point (^, ^) one can make the parallel line 
to the ^-axis. We assume there exists some {0,1]) E [0, 1] x [0, 1], such that the parallel line 
cuts the line segment connecting (1, 1), (|, l) and the line segment connecting (1, 0), (^, ^) 
at (l — ^, l) and (l — f i §)) respectively. We can assume that 



1 9 1 



When \k\ < A^~", similarly to (|3.20D and (|3.22|), we have 



< A"" (^1 V A'^+"(^-") 



(3.31) 



< A-"(1VA^) 



1,1 



When > A^"", similarly to (3.24) and (3.26), we have 



E °kfx 

|fc|>Ai-" 



^ ^— n.+s+n(l— a) 



E 



|fc|>Ai 



< A-"+^ 



A/f 



Aff 



(3.32) 



(3.33) 



(3.34) 
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Combining (3. 31), (3. 33), (3. 21), (3. 25), complex interpolation yields 



II/: 



< 



Combining (3. 32), (3. 34), (3. 23), (3. 27), complex interpolation yields 



II/, 



M 



2 2 
2-fl '5 



(3.35) 



(3.36) 



Interpolating (3.35) and (3.36), we have 



11/ 



< A W 1 V 



(3.37) 



Case 4. A < 1,(^4) G {I* U 11* U III U III* }\{(0, 1] X [0,1]}; or A > 

G run* \{ (1,0)}. We observe that, for any (J, J) Eruir,wehave (^,^) GlUlI. By 

duality, 



|(/a,5)I = ^|(/,5i)l ^ ^ 



(3.38) 



If we denote H/aIIa/*'" ^ A;p, 9)11/1^/°'°) from the previous several cases, we know that 



51 



<F{-s,\-^-p\q*) \\g\\ 



M~ 



By the principle of duality, it follows from ( |3.38 ) and ( |3.39[ ) that 

II/aIIm-<A-"F(-s,A-1;p*,(?*) 



Mi 



For A ^ 1 with (J, \) G {I* U III}\{1} x [0, 1], from Case 2, ( [slol ) gives 



ll/A|lM-^A-?(lvA^-"(^-")(^i) 



(3.39) 



(3.40) 



(3.41) 



For A ^ 1 with (i, i) G {IF U lir}\{(0, 1)}, from Case 3, ( |3l0| ) gives 



ll/A|lM,^-<A-^(lvA^-"(^-"Hi-hi 



For A > 1 with (J, i) G I* U 11* \{(1, 0)}, from Case 1, gives 

II/aIIa/-<a-"(iva^)||/||m-. 

Case 5. {^,\) G {I U fl}\(l, oo) X (l,oo). Since ^« C £\ we know 



p^/Aiip<A-t \\ui,,^utf\\,<\-'i\ ipM/A°r/ii^ 

Z6A(fe,l/A) yeA(A;,l/A) 



(3.42) 



(3.43) 



(3.44) 
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From (3. 44), (3. 11 ), when A ^ 1 and \k\ < 1, we conclude that 



< I Y,{k)^^\\utf, 

\k\<l 



A lloo 



|fc|<l /eA(A:,l/A) 



9 

oo 



< 



^(0<A-(i-'^) 



and when A > 1 and < A"*^ 



E ^th 



|fe|<Ai-" 



M 



< I E w^iP^/- 

Jfe|<Ai-" 



All'' 
'\ lloo 



^ I E E 

.|fc|<Ai-" /eA(fc,l/A) 



< EiPr/foo E 

< (l vA'+"(^""^i) 



When \k\ > 1 VA^"", from (3.44), (3.12), (3.13), we have 



E ^th 

|A:|>1VA1-" 



M 



^ I E E ii°r/roo 

.|fe|>lVAi-« «eA(fc,l/A) 



<A^ E^o^ E iroiic 

\|i|>i keA{i,x) 
< A^(lVAf(^-")' 



Therefore, combining (3.45)-(3.47), we get 



II/, 



AllAf^ 



< 1 VA" VA'+"(^~")^ 



The same for M^'^ . Corresponding to (3.48), we get 

II/aIU/- < (i V A^ V 11^,... 
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Whereas when p = 2, A ^ 1 and \k\ < 1, from (3. 44), (3. 11 ), we have 



\k\<l 



M. 



2,9 



<A-t|j;(fe)i^ E ipm/a°'/ii 

JA:|<1 «eA(fc,l/A) 



(3.50) 



^(0<A-(i-«) 



When A > 1, < A^"", by ( |3.44D , ( |3.1lD and Holder's inequahty, we have 



|fc|<Ai-" 



M. 



2,9 



\|«|<1 fc6A(/,A) 



<A-t 



2-9 



E E ipM/A°r/ii 

|i|<l \fc6A(«,A) 



E 

.|fe|<Ai-" 



S9 2 
1—a ' 2—9 



M. 



2,9 



(3.51) 



When > 1 V A^~", in view of ( |3.44[ ),( |3.12| ),( |3.13[ ) and Holder's inequality, we have 



E 



|A:|>1VA1-" 



M. 



2,9 



<A-t+^| E(o^ E iPr°M/A/ii 

J«|>1 k&A{l,X) 



< A-t+^ 



E(o^[#A(/,A)]i-i ( E iprn^,i/A/ii 

keA{i,x) 



<A-t+^(lVA)"(^-")(i-^) 



M. 



2,9 



(3.52) 



Therefore, combining (3.50)-(3.52), we get 



II/. 



"A Ha/"'" ^ 



(3.53) 



A-t(lVA^VA^+"(^-")(^^) 
For (^, ^) G I, complex interpolation between (3.48) and ( |3.53 ) yields 

II/aIIm- < (iVA^ vA^+"(i-")(i-^^)) ll/iu,; 

while for (^, ^) G II\(l,oo) x (l,oo), complex interpolation between (3.49) and (3.53) yield 

ll/A|lM-<A-?flvA^VA^+"(^-")(^+i-^) 



(3.54) 



(3.55) 
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Case 6. (i, ^) G III. Since F C /\ we know 



,ieA(fc,i/A) 



When A ^ 1 and \k\ < 1, from (1.1b), (3. 12), we see that 



diam suppJ^[(^-1(7?^)a)(x - ■)nrf{.)] < 1/A, 



By Proposition 2.1, imitating the processes as in (??)-(??), we get 



pM/A°r/llp<(lAr^^-'^ A/(A:) 



ipr/iip< ipr/ii 



From (3.56), (3.57), the embedding C £p , and Holder's inequahty, we have 



< A"p 



ifci<i 



>ieA(fc,i/A) 



< A- 



< A-p 



E ipM/Aar/iii 

JA.i<i /eA(fc,i/A) 



(OSA-(i-") \|fc|<l 



3 Pg 

1— a g— p 



E 



< A-^(1VA^ 

When A ^ 1 and \k\ > 1, from ( |l.lbD , ( |3.12D , we see that 

diam supp^[(^-i(r/^)A)(x - Onf/l-)] < (A:>^/A. 



Similarly to (3.57), we get 



n(i-l) / , „ xnfi-l) 



pr/iip^ipr/ii 



From (3.56), (3.59), (3.12), (3.13), we have 



E ^th 


n 


E 


ifci>i 




ifci>i 



E ipM/A°r/ii 

\/eA(fc,i/A) 



<A-^+M E[#^(^'VA)]^' E (o^ipr/ii 

,|fc|>l /6A{A:,1/A) 



( E ipr/ii 

: A;eA(i,A) 
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For A > 1 and \k\ < A^"", from ( |l.lb[ ), ( |3.12| ), we know 

diam supp^[(^-i«)a)(x - •)□?/(•)] < 1- 



Similarly to (3.57), we get 

\n,i/xOTf\\p<N{k)^- 



pr/ii 



(3.61) 



From (3.56), (3.61), (3.11), we have 



|fc|<Ai-" 



< A^p 



E E ipM/A°r/ii 

|fc|<Ai-°= \ieA(fc,l/A) 



|fc|<Ai-" 



< 



When A > 1 and |A;| > A^"", similarly to (3.59), we get 



P 



From (3.56), (3.63), (3.12), and the embedding £^ C £p , we have 



E °kf> 

|fc|>Ai-<^ 



< A-p 



< A^p- 



E E ipM/A°r/ii 

|fc|>Ai-" \«eA(fc,l/A) 



E E (o^ipr/ii^ 

, |fc|>Ai-a «eA(fc,l/A) 



(3.62) 
(3.63) 



(3.64) 



<a-?+ME(o- E imii 

\|«|>i keA{i,x) 



We summarize the argument in this case as: if A ^ 1, (|3.58|) and (|3.60|) give 

II/a 



.A|lM^:^<A-?flvA^+"(^-")(^^) 



else if A > 1, (3.62) and (3.64) give 



II J. II ^ ,-2l+n(i-l) /-I , , , s-nQ(i-l)+n(l-a)i 



(3.65) 



(3.66) 



Case 7. (i, G fl n (1, oo) X (1, oo). It is a natural consequence of Cases 5 and 6 by 
complex interpolation. 



the case A < 1 follows from (3.19), (3.54), (3.55), (3.41), (3.66), (3.42). 



(|3.8|) in the case A ^ 1 follows from (|3.30|), (|3.54|), (|3.37D, (|3.55|), (|3.43|, ( |3.66D . ( |3.8D in 

□ 
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Remark 3.1. If s = —Sc, we have the substitution for (3.8); 



II/a|Ia/-<A-'^F(A)||/||m-, 



where 



F{\) 



(In A) ^9 \i V I 



A"U-ii(lnA) 



nov i-i V i-i-i 

^ \ \ p q / \ p q J 



A > 1, p > 1; 
A > 1, p < 1; 
A ^ 1. 



(3.67) 



(3.68) 



4 Embedding between a-modulation and Besov spaces 

As 1 < p,q < oo, some sufficient conditions for the inclusions between modulation and 
Besov spaces were obtained by Grobner [TT], then Toft p^j improved Grobner's sufficient 
conditions, which were proven to be necessary by Sugimoto and Tomita [15]. Their results 
were generalized to the cases < p,q < oo in \19\ I20j . Grobner [11] also considered the 
inclusions between ai-modulation and a2-modulation spaces for 1 < p, g < oo and his results 
are optimal in the cases (1/p, 1/g) is located in the vertices of the square [0,1]^. We will 
improve Grobner's results in the cases 1 < p,q < oo and our results also cover the cases 
0<p<lorO<g<l. 
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4.1 Embedding between a-modulation spaces 
Theorem 4.1. Let (01,02) G [0,1) x [0,1). Then 



p,q ^ Ptl 



holds if and only if si ^ S2 + R{p, q; 01,02)- 



Remark. In the first versions of the paper, we obtain the sufficiency of Theorem 4.1 



(4.1) 



soon 



after Toft and Wahlberg [17j independently considered the embeddings between a-modulation 
and Besov spaces in the cases 1 < p, g < 00 and they first showed the necessity of Theorem 
in the regions {1/p, I/9) € (6*2 U 5*3) n [0, 1]^ (see Fig. 3). After their work we can finaUy 



4.1 



show the necessity of Theorem |4.1| in all cases. 
Proof. (Sufficiency) For every k G Z", we introduce 

A(A;) = {/GZ":nf2n^V/0}. 
If nf'nfcV ^ 0, then k and I satisfy 

{l)^{lj-C) < {k)^i{kj + C), 

(l) (Ij + C)> {k) ^ {kj - C) 



(4.2) 



(4.3) 



for all j = 1, 2, • • • , n. If < 1, it is easy to see that |/| < 1. If \k\ ^ 1, analogous to (3.12 ), 
we have 

(/) ~ {k)'^. 
Assume that p ^ 1, q = 1 and S2 = 0, we have 



M. 



(4.4) 
(4.5) 



We need an estimate of ^A{k). Similar to (3.13), we have 

#A{k) ~ 1 V {k) 1—1 . 



(4.6) 



If p = 2, inserting (|4.6|) into (|4.5|) and noticing (|4.4|), in view of Jensen's inequality we get 

(4.7) 



If p = 00 or 1, from (4.5), (4.6), (4.4), one can directly obtain that 



M- 



S2+0V ,ai 

00,1 

S2+0V ,0^1 
1,1 



^'^00,1 ' 



(4.8) 

(4.9) 



Case 1: ^) G I. For any £ [0, 1], (|, l) is at the line connecting (^, l) and (0, 1). By 



complex interpolation between (4.7) and ( |4.8[ ), one has that 

0v(l-|) "<"i-°2) ,ai 



^ 1 



0,02 

1 ■ 

/J 1 -L 



(4.10) 
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Since (f , 1 — 2) is at the line segment by connecting (g^ 5) and (0, 1), A complex interpolation 



combined with Proposition 2.7 and (4.8) yields 



ov(i-e) "^"i~°2) 



'2 2 

9 ' 2-fl 



2 2 ■ 

2-e 



(4.11) 



For any ^) € I, we may suppose that there exists some {6, rf) G [0, 1] x [0, 1], such that 

1 _ 1 _ 6* 1 _ ^ Or] 
p pi 2' q 2 ■ 



Therefore, a complex interpolation between (4.10) and (4.11) implies that 



2+(i-^)[0V'^(«l-«2)],«l 



p,q 



(4.12) 



Case 2: ^) G II. For any 6 G [0, 1], (l — 1 — f ) is at the line segment connecting (g, 5) 
and (1,1). From Proposition 2.7 and (|4.9[), we see that 



(4.13) 



^S2+(l-e)[0Vn(ai-a2)],ai ^ j\^«2,a2 

2^'2^ 2^'2^ 



Noticing that (l — |, l) is a point at the line segment connecting l) ^^'^ (0; 1); from (4.7) 

(4.14) 



and (4.9), we see that 



^S2+(l-f)[0Vn(ai-a2)],ai ^ ^^2,^2 



2-0 '-^ 



Noticing that for any ^) G II, there exists some {6,r]) G [0, 1] x [0, 1] satisfying 



1 _ e 1 _ Or] 

p~ ~ 2' q~ ~ Y' 



on the basis of (4.13) and ( 4.14[ ), we conclude that 



S2+f- + --l) [0Vn(oi-a2)l,ai „ „ 



V,<1 



p,q 



(4.15) 



When ai ^ 02, ( |4.15[ ) coincides with ( |4.12[ ). 

Case 3: (i, J) G I* U 11*. When (i, J) G I*, (^, ^) is in I. From ^J^, we know 



;i#-S2,a2 ^ l\/f ^ \P 1/^ ^ -'^J' 



The duality of a-modulation space implies that 



S2+(i-i)[0Vn(a2-ai)],ai 



,a2 



When (J, J) G ir, by and duality one has that 



S2 + (l-^-^)[0Vn(a2-ai)],ai 



jy^S2,a2 
p,q 



(4.16) 



(4.17) 



When ai > a2, (4.17) coincides with (4.16). 
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Case 4: (i, ^) G III U III*. We may assume that for any ^) G III (HI*), there exists a 
rj £ (0, 1) satisfying 



9 V p 



+ 



1 — ?7 



Notice that ^) and 1 — ^) are at the boundaries of II and I* (II* and I), respectively. 
If ^) S III, a complex interpolation between ( |4.15[ ) and (4.16) yields 



^*2+[n(ai-a2)(i + i-l)vn{a2-ai)(^-i)],«i 



^ jVf ■52,02. 

' p,q ' 



If (^, ^) G Iir, a complex interpolation between ( |4.12 ) and (4.17) yields 



S2 + 



„(„l_a2)(i_i)vn(Q2-ai)(l-^-|)], 



p,g 



(4.18) 



(4.19) 



When ai > a2, (|4.18|) and (|4.19|) coincide with (|4.15|) and (|4.12|), respectively. When ai ^ 02, 

we can easily 



(4.18) and ( |4.19[ ) coincide with (4.16) and (4.17), respectively. 
Case 5: (^, - ) G I. Imitating the proof as in the counterpart of Theorem 
get 



3.1 



. ^. , 11(0.-1 —an) I 

'2+OV M^^^^ ^.ai 



00,(7 



2+0V "^"l~" 
i — aj^ 



(Q^1-'^2) I' 1 „ 1 



.5-2;'"! 



A complex interpolation yields 



g,+0V "("l~°2) (i-l),ai 



(4.20) 



( 4.20[ ) coincides with ( |4.12[ ). 
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Case 6: (-, -) G III. From ((Tib]), as well as (|44]), we see that 



diam supp^[^-Sf2(x - ■)Ul^f{-)] < (k) ^--i 



In view of Proposition 2.1 



/ 1 N 0Vn(ai-O!2) 



(4.21) 



Inserting (4.21), (4.4), (4.6), from the embedding C and with the aid of Jensen's 
inequality, we have 



Mp',2^'"2 < 



«2g 
1-0:2 



vfceA(/) 



, ■, 0V"(ai-a2) 



< 



— 329 I 0V'i(a2-a 
\ ^/^l-a2^ 1-02 



l)('q A ('1 0V(Qi-a2) 



fceA(0 



(4.22) 
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When ai ^ a2, gives 



S2+n{a2-ai)(i-i), 



^ 'P,q ' 



whereas when ai > (4.22) gives 

S2+n(ai-a2)(^ + ^-l) 



p,q 



^ p,g 



(4.23) 



(4.24) 



(4.23) and ( |4.24[ ) coincide with (4.16) and (4.15), respectively. 



Case 7: 



interpolation. 



q) ^ II' This is a consequence of the results in Cases 5 and 6 by complex 



□ 



4.2 Embedding between Besov space and a-modulation space 

In this section, we study the embedding between 1-modulation space and o-modulation 
spaces. In an analogous way to the previous subsection, we start with the embedding for 
the same indices p, q. 

Theorem 4.2. Let a G [0, 1) . Then Bp^g C Mpfg° holds if and only if si ^ S2 + R{p, q;l,a). 
Conversely, Mp^if C Bp^^ holds if and only if si ^ S2 + R{p, q', ct, 1). 



Proof, (sufficiency) For every j £ Z^, we introduce 

A(i) = {kGZ^: n^Ajf / 0,V/ G ^'(M")}; 

and for every A; G Z", we introduce 

A(A:) = {j G Z+ : D^A,-/ / 0,V/ G ^'(R")}. 



(4.25) 



(4.26) 



To a j G Z-|_, for any k G A(j), it is easy to see that the quantitative relationship between k 
and j is 



When p l,q = 1 and S2 = 0, we have 



M°-^E E \\ot^,f\\p=T. E 



(4.27) 
(4.28) 



For any A; G and any j G it is easy to see 

#A(A:)~1, #A(j) ~ 2^"(i-"). (4.29) 
Thus when p = 2, combining ( 4.28| ), (4.29), also with the aid of Jensen's inequality, we get 

I n{l — a) 

^^2^. (4.30) 



R 2 



If p = 1 or oo, combining (4.29), (4.28), we get 



-"00,1 ^ ^"^oo,!- 



(4.31) 
(4.32) 
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Casel. (-5-) G I- For any 9 £ [0,1], a complex interpolation between (4.30) and (4.32) 
yields 



B 



s+(l-f)n(l-Q) 



.1 



while combined with Proposition 2.7 and (4.32), yields 



nS+(l-6»)n(l-a) 
-D2 2 



'2^ 



In analogy to ( |4.12D , we get from ( |4.33D , ( |4.34D that 



p,q 



(4.33) 



(4.34) 



(4.35) 



Conversely, when we encounter the embedding of a-modulation spaces into Besov spaces, 
for 2 ^ p ^ 00, considering ( |4.29p , we have 



j&+ fceA(i) 



which gives 



p,q p,g 



(4.36) 
(4.37) 



Case2. 

yields 



'p' q) ^ -^^^ ^ ^ [Oil]) ^ complex interpolation between (4.30) and (4.31) 



,+ (i_|)„(i_„) 
1 



From Proposition 2.7 and (4.31) it follows that 



(4.38) 



(4.39) 



Analogous to (4.15), one can conclude from (4.38) and (4.39) that 



p,q 



(4.40) 



Considering the embedding of a-modulation spaces into Besov spaces, (4.37) still holds if 
{1/p, 1/q) G //. 

Case3. (i, G I* U II*. Since ^) G I U II, from d^sT]), we see that M~/f, ^ B'/ 



-p',q' 



p' ,q' 



Thus, the duality between ^ and Bpf^,, as well as between Mp'" and M^f'^, implies that 

B;,g m;:^. (4.41) 

Conversely, if one considers the embedding of a-modulation space into Besov space, it follows 
from Theorem 2.1 and (4.35) that 



p,q 



C B. 



and from (4.40) it follows that 

s+n(a-l)(i + i-l),a 



1 1 

p' q 



1 1 



£ ir 



(4.42) 



(4.43) 
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Case4. (i, i) G III U III*. If (J, J) G III*, (|435]) and ( |44l| ) contain that 

s+n(l-|){l-a) 



'p-i 



By interpolation we have 



p— 1 



R W P/^ ^ <^ /If*'" 



(4.44) 



which coincides with ([435]). If ^) G HI, ( |4.40D and ( |4.4lD imply that 



By interpolation, 



(4.45) 



which coincides with (4.40). 



Conversely, considering the embedding of a-modulation space into Besov space, in view 



of Theorem 2.1 and (4.44) we have 

s+n(a-l)(i-i),a 



1 1 



P'1 \ p q 



G III; 



(4.46) 



while for (^, ^) G III*, from (4.45), we have 



s+n(a-l)(i + i-l),Q 



P,<1 



(4.47) 



(4.46) and (^4.47) coincide with (4.42) and (4.43), respectively. 



CaseS :(^?-) £ I- For the embedding of Besov space into a-modulation space, imitating 
the argument in Theorem 4.1, we get 

s+n(l-o)i,l s+n(l-a)(i-i),l 

Moo,/ cMp^;^", M^^/ cm;:^. 



From them, we interpolate out 



s+n(l-Q)( i-i ),1 

^"p,q ^ p,q ' 



(4.48) 



which coincides with (4.35). Conversely for the embedding of a-modulation space into Besov 
space, we have 

M;:^ C B;^^, (4.49) 



which coincides with (4.37). 



Case 6. J) G HI. If n^A^ / 0, then 

diam supp^[^-^r/^(x - ■)Ajf{-)] < ~ 2^ 

So, in view of Proposition |2.1| we have 

||n^A,/||p< (A;)T^(?-i)(fe)-i^(^0||A,/||p~2^"(i-")(?-i)||A,/||, 



(4.50) 



(4.51) 
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From (4.51), (4.29), P C £^ and Jensen's inequality it follows that 



VieA{fc) 



(4.52) 



jeA{/c) 



< fj^^^-'-oX^')]' iia,/ii?) ' < ii/ii 



which implies that 



.+n(l-a)(i + l-l),c 



P.9 



^ p,g 



(4.53) 



It coincides with (4.40). 



Conversely, when we study the embedding of a-modulation space into Besov space, in 



analogy to (4.50), we see 



diam supp^[^-V,(a; - •)□?/(•)] < 2^' 



In contrast to (4.51), we conclude 



(4.54) 



Inserting (4.54), the substitution for (4.52) is 



< 



3&+ \i6A{j) 



< K;2^-^^#A(j)'-^ Y I|AP^/||^ 



fceA(i) 



</'^^^)hn(l-a)(l-i)],|p^^||>< 



which implies that 



s+n(«-l)(i-i), 



P,<1 



P>9 • 



It coincides with (4.42). 
1 1 



Case7 :(-, -) G 11. It is interpolated out from Case 5 and Case 6. 



(4.55) 
□ 
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(C.OJ 1/ 

/p 



Figure 4: Distribution of sq 



5 Multiplication algebra 

It is well known that -B^ ^ is a multiplication algebra if s > n/p, cf. p^. But for a-modulation 
space, this issue is much more complicated. The regularity indices for which Mp'^ constitutes 
a multiplication algebra, are quite different from those of Besov and modulation spaces. 

We introduce a parameter, denoted by sq = so(p, gia), to describe the regularity for 
which Mp^ with s > sq forms a multiplication algebra. Denote (see Figure El) 



Di 



and 



So 




a)(l-lAi) + ^(i-|), 

«)(ivjvi-i) + ^(iv|vj-i), (J,J)eD2. 



Theorem 5.1. If s > sq, then Mp]q is a multiplication algebra, which is equivalent to say 
that for any f,g£ Mp^g , we have 

Wfahi;:^ ^ \\f\\M;:^\\9h.i;i^- (5-1) 

In Section 7 we will give some counterexamples to show that so is sharp if (1/p, 1/q) £ 
D2n{p > 1}. When {l/p, 1/q) G Di, it is not very clear for us to know the sharp low bound 
of the index s for which Mp'^q constitutes a multiplication algebra. As a straightforward 



consequence of Theorem 5.1 we have the following result for which M^^ is an algebra. 
Corrolary 5.1. Assume that 

'-(1-1 A J), (^i)eA; 

.-(ivlvi-i), (1,1)€M^\A. 



s > 
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Then is a multiplication algebra, i.e., 

WfaWM^^ < WfWh^JgWM^^ (5.2) 



holds for all f,g£ Mp,q- 

A natural long standing question on modulation, a-modulation and Besov spaces is: Can 
we reformulate a-modulation spaces by interpolations between modulation and Besov spaces, 
say, 

M;:^ = {M^f, M^f^X, if s = {l- a)so + asi? (5.3) 

The answer is negative at least for some special cases. Indeed, we see Mpl^^ and Mp^^" are 
algebra if si > n/p and so > 0. If (5.3) holds, then Mplq is an algebra if s > na/p, however, 
this is not true ifl<p<2, < q < 1, see Section 7. 



Corrolary 5.2. Let < a < 1. Then (5.3) does not hold if 1 < p < 2, < q < 1 and 
sq = 0+, si = n/p. 

Proof of Theorem 5. 1 . We start with some notations and basic conclusions. For every {k^^'> , k^"^^) G 
Z^", we introduce 



A(fc(i), A;(2)) = {A; G Z" : □^(□^(„/n^„)^;) / O} ; 
and for every fc G Z", we introduce 



(5.4) 



i),A;(2)) ez^": □^(□°, 5)/ O} 



It is worth to mention that h.{k^^\ /c^^^) and A(k) are independent of / and g. From (1.1b) 
we see that for any k G A(A;(^), fc(^)), or (fc^^^, /c^^^) G A(A;), k'^^\k^'^^ and k satisfy 



{k)^{kj-C) < (A;«)T^(A:f) + C) + (A;(2))T^(A;f) + C7), 
{k)^{kj + C) > (A;(i))T^(A:f^-C) + (A:(2))T^(A;f)-C) 



(5.5a) 
(5.5b) 



for j = 1,2,- •• ,n. Let (fcmax)) (^min) and (/cmcd) to be the maximal, minimal and medial 
ones in {k),{k^^^) and (A;^^-*), respectively. If (5.5) holds, then 



{kmed): ^{^max • ^maxj ^medj ^min Satisfy ( |5.5[ ) | ^ 1. 



We write 



= maxjK,-(A;«,A;(2))|. 
In order to get more precise estimates, we divide Z2" of all (A;(i), fc^^)) into 



(5.6) 



(5.7) 



{(feW,A;(2)) GZ2":(fe«)«(A;(2))}, 



(5.8) 
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and separate into 



i),A:(2))eJ7o:K(fc(i),A:(2))<(fe(i))i^}; 



(5.9) 



If (fc(^), £ from §^ it is easy to see that 

{k) < 



(5.10) 



Let {k^^\ fc^^^) G r2o,2 be fixed. There exists some y := y{k^^\ k^'^^) G (a, 1] such that 

i^.(fc«,A:(2)) = K(A;(i),A;(2)) ^ (A;W)t^, (5.11) 

for some i with 1 ^ i ^ n. We can assume that Ki(k^^\k^'^^) > 0. By (5.5) and (5.11) we 
have 



{k)^{ki -C)< K0^\k^'^'^) + C{{k^^^)^ + (A:(2))T^) < (/t«)T^, (5.12a) 
(A;)T^(A;i + C) > i^i(A;W, fc^^)) - (:7((A;«)t^ + (fc^^))!^) > (/fcW)!^. (5.12b) 



For every k G A(fc(-'^\ /c^^^) fl M~ , we substitute i for j in (5.5), thus (5.5a) and (5.5b) are 
rewritten as 



{k)^{k-r-C) < i^.(A:W,A;(2)) + C((A:W)T^ + (A;(2))t^); 
{k)^{k^ + C) > K.(A:W, A;(2)) _ C((A:W)t^ + (fc^^))!^). 



(5.13a) 
(5.13b) 



For such k, we claim that 



(k) ~ {k^^'>)y. (5.14) 

(5.14) is obvious when \k^^^\ < 1 and so, it suffices to consider (5.14) in the case |A;(^)| » 
1. If either \ki\ ~ {k) or |i^^(A;(i), /c(2))| ~ K{k^^\k^'^^) exists, ( [sUl ) follows from 
or ( |5.13[ ) directly. Otherwise, we see that \ki\ < {k) and |i^r(/cW7fc(2))| < K{k'-^\W>). 
When /cr > 0, we let ( |5.13a[ )+( [5l2al ) and ( |5.13bD +( [5n2bl ); whereas when k- < 0, we let 
( 5l3bl )x(-l)+( [5l2i| and ((5l2^ x (-l)+((5l2b]), then we get 

{k)^>{k('))i^, (A;)T^<(A;W)T^, 



which imply (5.14). Let k = {ki, ...,kj^i,kj,kj^i, ...,kn) G A{k^^\k^'^^). In view of (5.5a) 
and t.5h\ and(Fi), A;(2)) g ^0,2, we have 

{k)^kj - (k)^kj < (k^^^)^ + {k)^ + (k)^. 



Thus Taylor's theorem, combined with (5.14), gives 



kj kj 



<(,(i))^. 



For (A:(^), A;(2)) G f^i U Q2, in view of ( (5^ we have 



(5.15) 



(5.16) 
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and 



#A(A:«,A;(2))^1. 



(5.17) 



In what follows, we separate the proof into four steps. In Steps 1-3, we prove (5.1) for 
certain p and q. In Step 4, applying the complex interpolation together with the conclusions 
obtained in the previous three steps, we can get (5.1). 

Step 1. 1 ^ p ^ cx)?? ^ !• Suppose f,g £ ^p]q i from the triangle inequality and the 
embedding C we have 



Y,{k)^-\\mf9)\\i 



l-Q 



fc(l),fc{2) 



k 

EE E (^)^IP?(°^a)/a^(2)5)ll^ 

^£=0 (fc(i),fc{2))enf fceA(fc(i),fc(2)) 

Applying the multiplier estimate and Holder's inequality, we see that 
For (A;(i),A;(2)) ^ j^^^^^ when p = 1 and s ^ na + (- - l), we have 

^ ^ (fc)i^lp^(n-(,,/n^(„5)ll! 

(A;(i),fc(2))ef^o,i fceA(fe(i),fc(2)) 

(fc(l),fc{2)) 



9 lUllQ 

s.a 



M 



1,9 



M: 



1,9 



If p = 2 and s ^ ^ + ""^^^"^ (^ — l), by Plancherel and Jensen's inequality* 

J2 E (fc)^||n?(n^a)/n,(.)ff)|ll 

(fc(i),fc(2))eno,i A:eA(fc(i),fc(2)) 

< Yl (^)^ E IP?(nfc(i)/nf2)5)ll! 

(fc{l),fc(2)) fcGA(fc{l),fe(2)) fceA(fc{l),fc(2)) 

< (fc^'^>^[#A(fc«,fe(^))]^-5||n^(,,/n-,,5ll^ 

(fc{l),fc(2)) 

< E (^^^^)^^'^"(''^)|p^(i,/ii^(^^^^)^ip^(2)^^ii^^ 



(5.18) 



(5.19) 



(5.20) 



we have 



(5.21) 



(fc(i),A:(2)) 



If*'" I 
2,9 



"af + ... +a% < iVi-*(ai + ... + anf for 6 G (0, 1) 



33 



For p = oo and s ^ ^ , we have 

(fc(i),A:(2))eno,i fceA(fc(i),fc(2)) 



(fc{i),A:(2)) 

For (A;(i), A;(2)) g Jlp g, when s ^ nQ(l + (1 -a)/g)/(2 — a), we see that 

+ 



2s ^ sy + na 

It follows that 



(fc(i),fc(2))eno.2 fceA(A;(i),A:(2)) 

fc(l),fc(2) 

When p = oo and s ^ "g"2-"a°'* ' suffices to get 

J2 E (A:)^|p^(n^a,/n^(.,5)ll?o 

(fc(i),fc(2))ef^o,2 feeA(fc(i),fc(2)) 

fc(l),fc(2) 

If p = 2 and s ^ ""(Q/24^(i-Q)/t;) ^ j-^y pjancherel and Jensen's inequality, 

E E (^)^iPfc(°^(i)/°^(2)5)iii 



(A:(l),fc(2))eno,2 fcGA(A:(i),fc(2)) 

< E (^^'^)^[#A(A.«,fc(^))]^-^/^|p^„/n^(2)ff|ll 



fc(l),fe(2) 

< ^ (fc(^))^^^<^(^-)(^-/^)|P^,)/||^(^(^))^|P^<2,.|l! 
fc(l),fe(2) 

< i""iiA/|;,"ll5llM|;,"- 



From ( [5l6l ), dsTf] ), ( [2:21 ), if (^^^^ ^^^^) ^ ^i. when s ^ 



p ' 

E E (A:>^IP^(n^a)/n^(2)5)ll^ 

(fc(i),fc{2))ef^i A:eA(A;(i),fc(2)) 

< E (fc^'^)^ip^(i)/ii^ E iP^(2)5roo^ 

fc{i)eZ" fc(2)ez" 

< 



Similarly, if (fe^^), fc^^)) e ^2 and s ^ 



na 
P ' 

S2_ 



E E W^|p^(n^a)/n^(2,5)ll^< 

(fc(i),fc(2))en2 fceA{A:(i),fe(2)) 
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By complex interpolation, (5.18)-(5.27) imply that Mp'^q is a multiplication algebra as long 



as s ^ So for some sq. More precisely, when 1 ^ p ^ 2, from (5.20) and (5.21), we get 
So = ^ + ""2-a°'' (i - and when 2 < j? ^ oo, from ( [5l2T| ) and ( [5^ , we get so = 

no na(l-a) / 1 _ 2\ 
p ' 2— a \q p) ' 

Step 2. < p ^ cx),g = oo. First, we consider the case 1 ^ p ^ oo. Suppose f,g £ Mp^^, 
from the triangle inequality, we have 

II/sIIm- = supWT^||n^(/<7)||p 



fceZ" 



^sup^T^ ^ |p^(n^(,)/n-(,)<7)llp 

(fc{i),fc(2))eA(fc) 



(5.28) 



^=0 {fc(i),fc(2))eA(fc)nCf 



For a * C Z^", we denote 



= G : 3fc(2) G s.t. (A^^^), A;^^)) e ^} ; 

= G Z" : 3A;W G Z" s.t. (A;«,A:(2)) g ^} . 

Let s > ^+n(l-a). For any /c^^) G {{Oq U fii} n A(/c)}2 with every fixed k, noticing ( [5^ , 
we easily see ^A{—k^'^\ k) < 1. Inserting (5.19) and using (2.3), we obtain 

(A;(i),A:{2))e{QoUr2i}nA(fc) 

< sup ^(fc)T^||n-(,)/||p ^ |P^,2)5l|oo 

fe(i)e{{nouni}nA{fe)}^ fc(i)e{{noUQi}nA{fc)}^ /c(2)eA(-fc(i),/c) 

fc(2)6{{QoUf7i}nA(fc)}^^'=^^'eA(-fe(2),fc) 



^ sup 



(5.29) 



For kW G {172 n A(/c)}^ with every fixed k, symmetrically, we have 



]fe(2)5)llp 



Y {k)^\m{a-,,jni 

(fc(i),fc(2))eQ2nA(fc) 

< sup (A;(2))T^|p^(,,5llp E E IP^w/lloo 

fc{l)6{f^2nA(A;)}jL fe(2)eA(-A:(i),fc) 



fc(2)ez" 



(5.30) 



Combining (5.28 )-( 5.30 ) , we know when s > ^ + n{l — a), Mp]^ is a multiplication algebra. 
Next, we consider the case < p < 1 and q = oo. Suppose that f,g £ Mp'^^. It follows 
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from the embedding C £^ that 



k 



^ \\Ut{Ul,,,fUl,,,g)\\l 
^(fc(i),fc(2))eA{A:) 



(5.31) 



sup 

k 



^^=0 (fc(i),fc{2))eA(fc)nQf 



By Proposition 2.1, for (fe^^), A;^^)) g A(/c) n VIq, we have 



(5.32) 



When s > ^ + ^ p ~ iiiserting (5.32) and using (2.3), we obtain that 



E (fc)i-^||n^(n^,,)/n^(,,9)ll^ 

(A;(i),fc(2))eA(A:)nno 

< (^'• V''"°'-''''" ip;,.,/iigiin;,.,«ii£. 

(fc{l),fc(2))GA(A;)nno 

< sup (^(i))i^||n^(,)/||^ E E ^^^'^) 

fc(2)e{A(fc)nno}^ fc(i)eA(-fc(2),fc) 



IPfc(2)5llSo 



< 



M"'" \\y\\ M"'" ■ 



(5.33) 



For any {k^^\ k^"^^) G A(A;) n {f^i U VL2} with every fixed /c, imitating the process as in (5.32) 
and combining ( |5.16 ), we get 

||n^(n-(i)/n^„)5)llp < \\ui,,,fui,,,g\\,. (5.34) 



When s > ^, inserting (5.34) and also using (2.3), we obtain 



E E {k)^-\\Ul{Ul,,fUl,,g)\\l 

t=i (fc(i),fc(2))eA(fc)n!^f 



(5.35) 



< 



A/' 



0,a ~\~ 



Combining ([53T]),((533j) and ( [S^Sj ), we conclude when s > ^ + ""jl^"^ ((l V i) - 1), Mp;S) 
is a multiplication algebra. 

Step 3. p < 1, q = p. Suppose f,gG Mplp . From the embedding i!^ C £^ C ^^^^ it follows 
that 



2)y;llp 



(5.36) 



EE E w^iP^(°^(.)/D 

^£=0 (fc(i),/c(2))e!^f fceA{fc(i),fe(2)) 



fc(2)5')llp 
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Figure 5: For Step 4 in the proof of Theorem 5.1 



For A;(2)) e Q^, if g ^ + - 1), then we see from ^Jo^ , ^J^, ( [5l5| ) and 

( 5.32D that 



5^ ^ (A:)T-^||n^(n^(,)/n^(,,5)ll^ 

(fe(i),A;(2))eno fceA{fc(i),fe(2)) 
(fc(i),fc(2))eno 
(fc(i),fc{2))eno 



p 

oo 



< 



I 



(5.37) 



For A;(2)) G 17i U 1^2, when s ^ ^, in view of we obtain 



(fc(i),A;(2))GniUQfc6A{A;(i),fc(2)) 



fc{2)y;llp 



< 



+ 



< 



lA/„ 



(5.38) 



Combining (5.36)-(5.38), we conclude when s ^ ^ + 



na{l—a) / \ 
2^ \p 



(^ — l) , Mp.'p is a multiphcation 

algebra. 

Step 4. Let (^,^) G {(^)^) ^ : ^ < l}. It is easy to see that (^,^) is a point at 
the line segment connecting + \ — \) A) and (O, ^ — |), which is parallel to the line 
connecting (^,l) and (0,0). At the point (|,1) := + ^(l — in Step 1 we have 

shown that is a multiplication algebra if s ^ ^'^[p + M-*- ~ g)] (g ~ |)' 

(0, |) := (0, 1 — |) , complex interpolation between (0, 1) in Step 1 and (0, 0) in Step 3 shows 
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that once s > n(l — (l — ^ + |) + (g ~ p) ' associated a-modulation space M^°^g 

is a multiplication algebra. Again, using the complex interpolation and combining the result 
in Step 2, and we arrive at (5.1) in Di. Denote (see Fig. [5]) 

D21 = [0,1] X [0,l]\Di; 

D23 = {(i,i)GM^i^l}\DiUD2i. 

Through the point ^) G D21, one can make a line segment connecting ^) and (l, 
For we see that once s > ^ +n{l — a)(l — ^), Mg^^^ is a multiplication algebra. For 

(1, complex interpolation between (1,1) in Step 1 and (1,0) in Step 3 shows that once 
s > na + n(l — a)(l — the associated a-modulation space is a multiplication algebra. 
Then we use complex interpolation to get that Mp^q is a multiplication algebra if s > ^ + 
n(l — a)(l — ^). If (1/p, l/g) G D23, the result can be derived in a similar way. 

If ^) G D22, then it belongs to the segment by connecting (^, O) and (^, ^). In Step 4 
we see that once s ^ ^ + n(l — a)^ + ""2^"°^ (p ~ ' -^p'S) is a multiplication algebra; and 
once s ^ ^ + ""2- a"'' (p ~ -^p'p is a multiplication algebra. Then complex interpolation 
between them gives once s ^ ^+n(l — a)(^ — ^) + ""2!""^ (p ~ ^) ' ^p'q ^ multiplication 
algebra. □ 



6 Sharpness for the scahng and embedding properties 



In this section we show the necessity of Theorems 3.1, 4.1 and 4.2 Since the p-BAPU has 
no scaling, it is difficult to calculate the norm for a known function. However, we have the 
following equivalent norm on a-modulation spaces. Let p be a smooth radial bump function 
supported in 5(0,2), satisfying p(^) = 1 as |.^| < 1, and p(^) = as |^| ^ 2. Let p'^ be as in 



(1.4): 



PtiO = P 



C(A;)"/(i-") 

Proposition 6.1. Let be as in the above. Then 



P:<1 



^{k)^-\\{^~'pt)*f\\ 



is an equivalent norm on Mp]q . 

Proof. If p > 1, in view of Young's inequality, 



m-'pt)*f\\p< E \\i^''pt+i)M^if\\p^\Ptf\\ 

\t\oc<C 



p- 



If p < 1, by Proposition 2.1 and the scaling argument, we have 



m-'pt) * /lip < ll(=^~V^+£)llpll°^/llp < l|D^/llp. 
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Combining the above two cases, we have ||/||'^,,s,a < H/IUf^'"- On the other hand, noticing 
that 

/ g_(fc)^/(i-^)fc \ 

^ \ 2C(fc)"/(i-'^) ; ^ a a 

Vk Pk ( ^_i^k+t,^/(^-")(k+t) \ ■ 

Z^teZ" P \ c'(fc+£>«/(i-'^) ) 

We have for p> 1 , in view of Young's inequahty, 

\Plfh < \\{^''pt) * /llplK^-Vnili < \\{^-'pl) * /II.. 

If p < 1 , by Proposition |2.1[ the scahng argument and the generahzed Bernstein inequahty, 
we have 

ll°^/llp < (fc)"°(^/^-^)/(^-")||(^-Vfc) * /llpll^-V,"||p||D^/||p < IK^-Vfc) * fWp- 

The result fohows. □ 



Proof of Theorem 3. 1 . (Necessity) We divide the proof into the fohowing two cases A ^ 1 



and A ^ 1, respectively. 
Case 1. A S> 1. One needs to show that 

IIMIm->A-?-^"(^-^)^(^+-)||/||m-. 

Case 1.1. We consider the case Sp = n{l/p — 1) > s + Sc- Our aim is to show that there 
exists a function / satisfying 

II/a|Imp":° ^ 11/11 Mp%"- 

Taking / = ^~^/9, we have 

||/aIIm^=;,c > ||(^-V?) * /aIIp ^ A-"||^-Vllp > A-"1|/||m-. (6.1) 

Case 1.2. We consider the case Sp < s + Sc- According to the definition of Sc, we separate 
the proof into the following three cases. 

Case 1.2.1. Sc = n{l - a){l/p+l/q- 1). Put / = Since A > 1, we see that for 

some < £0 < £i ^ 1) 



(^-Vfc) * fx = A-"^-Vfc, |fc| G [eoA^-^ eiA^ 



It follows that 



Tm\m, 



P,<1 



>A-" (o^ii^^vni^ 
^^_^+,+„(l_,)(i+l_l) 

\ , --+s+n(l-a)(i + i-l) II 



(6.2) 



Case 1.2.2. Sc = 0. Let us take / = e^^i^-^A- We have fx = A-^e'^i^^'V- We 
may assume that there exists /q G N such that (/o)"^*-"'^~"^^o ~ A and i?((A, 0, 0), 2) C 

S((;o)"/(i-")(/o,0,...,0), C7(/o)"/(^-")). It is easy to see that ||/||p ~ A"(p"^) and 

II/aIIm- ~ A-"(/o)^/(^-") ~ A-"+^ > A-?+^||/||, > A-?+^||/|U,.... (6.3) 
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Case 1.2.3. Sc = n(l - a){l/q - 1/p). Put 



/ 



(0 _ Jx{l) l-o^l/\ 



f= E 

|^|~Ai-« 



(6.4) 



where \£\ ~ A^"" means that |/| G [sqA^"", £iA^-"] for some < £o < £i < 1- If \l\ ^ >^ , 
then ||/«||p-A"('-")(^-'), and 



c(Z)i-« 



(6.5) 



which follows that {^-^pf) * (/('))a = (/^^^)a- 

Since supp overlaps at most finite many 
supp we see that □f+fe(/('))A = if \k\ > C. Let ^(A) C {I : |/| ~ A^""} be the set so 
that for any Z, I G A{\) (/ ^ I), \l - l\ > C. We have 



> 



Esq 



('))aII^ 



deA{x) 



\«eA{A) 

>^_^+,+,(l_a)(l + l_l)_ 



Moreover, we easily see that 



\P\0\ = p 



It follows that supp is included in the unit ball. Hence, we have 



< 



leA{\) 



By Plancheral's identity, 



\ieA{x) ■' \ 



c(|)a/(l-a) 



1/2 



1. 



On the other hand, in view of ^ p is a Schwartz function, we have 



-AT 



It follows that for N :$> n, 



<^-n(i-«) (^i + A-(^-")|x- Ai-"l|j <A-'^(^-"). 
/eA(A) 



(6.6) 
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By Holder's inequality, 

II/IIm-<II/IIp<a"(^-")('/^-^). 

The result follows. 

Case 2. A <C 1. It suffices to show that for some / G Mp'^q, 



Case 2.1. s + Sc > 0. Taking / = J^^^p, we have 

II/aIIm- = ll(=^-V)(A-)llp - A-^II/IU-. (6.7) 

Case 2.2. s + Sc < 0. We divide the proof into the following three cases. 

1 

Case 2.2.1. We can find some ko such that X{ko)^-" ~ 1. Denote 

/ = e-<'=°>^'=°^-i (p ( — ^ ] ] , (6.8) 



We have 

c(A;o)i-" 



/> = A-v( ^^^-'^°ir°*° l. (6.9) 



Therefore, 

II/aIIm^^ > II/aIIp > A-?+^(fco)^||/||p > A-?+^||/|U-- (6.10) 

Case 2.2.2. Taking / = A"=^-Va, we have fx = =^~V- It follows that \\fx\\°.,c ~ 1. On 
the other hand. 



1 

< ;^"-s-"(l-a)^-»"(l-^) 



(6.11) 



It follows that 



ll/AllM-^A-i^+^+-||/|U.«. 



Case 2.2.3. Sc = n(l - a){l/q-l/p). Let ^(A) be the set so that for any 1,1 E A{X) {I ^ I), 
\l -1\>C and \l\ e [£oA°~\ eiA""^] for some < £o < £i < 1. Take 



One easily sees that 



(/«), = A-"e-^»^Vc',^-^ f p ( ^^^^ 1 1 • (6-13) 
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We have 



] 



\ieA{x) J 
\ieA{x) 



(6.14) 



Since supp/j^ ' is contained in the unit ball, we see that 



II/aIIm^'" ~ 





_ y-n/p 






P 





We note that 



Due to ^ -"^p is a Schwartz function, we see that \^ ^p{x)\ < {x) We can assume that 
^~^p{0) = 1, which follows that there exists a S > such that 



^-'^p{x)\ > 1/2, < 6. 



Hence, for any k G A{X), x G B{C'k,d/c{k)^-'^), 



E z^'H-) 

i6A(A) 



\ — na 

> _CA-"" sup ^(y + C'c 



,/ ,\ -2n 



We can take C'c S> 1. It follows that for any k G ^(A), 



E z^'H-) 



So, we have 



It follows that 



> ^ CA-""(C"c)-'* > X G B{C'k,d/c{k)^). 



/eA(A) 



> ^-n/p+s+n(l-a)(l/q-l/p) 



The result follows. 



□ 
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Proof of Theorem \4-^ (Necessity) Case 1. Let us assume that Bp^g C Mp^^. 

Case 1.1. We show that si > S2. Let k E Z", \k\ > 1 with B{{k)^k,C{k)^) C : 

5 • 2^-3 < 1^1 < 3 • 2^-1}. We see that 

II 1 no "2 1 "2 I na l\ 

\\^-\pt{2 •)) ;,.2,« ^ (A;)T-^ii^-v?(2 .)iip> wi-^+T-^i^-?^ 

II wiMp^q 

ll^-i (p^(2 ^ 2^-^MI^-Vfe(2 OIIp < 

Bp]q C Mpfg'" foUows that si ^ S2. 

Case 1.2. We show that si > S2 + n{l — a){l / p + 1 / q — 1) . One has that 



Denote 



A, = {k : suppp^ C 5 • 2^-3 < 1^1 < 3 • 2^-'}}. 



(6.15) 



ifceA,- 



Noticmg that ~ 0{2'^^^^ ")), we immediately have 



(6.16) 



(6.17) 



Bplq C Mpfg'" implies that si ^ ss + ^(1 - a)(i + J - l). 

Case 1.3. We show that si ^ S2 + n(l — ck)(^ — |)- We denote by Aj the set such that for 
every A;, / G Z" n (/ / /), |fc - /| > C and G [5 • 2^-3 + (72^", 3 . 2^-1 - (72^"]. Put 



(6.18) 



k£Ai 



Noticing that ifAj ~ 0(2"-'(i-")), we have 



On the other hand, 



By Plancherel's identity, 



> 2- 



,i(s2+n(l-a)i+nQ(l-i)) 



(6.19) 



(6.20) 



1/2 



2 < E 11/^^(2 •) 



< 2"-'/2. 



Moreover, let us observe that 
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Using the same way as in the proof of Case 1.2.3 in Theorem 3.1 we have 

\f{x)\<2-^K 

By Holder's inequahty, 

II /lip < 2-'""*^^^^/''-'^"-'/P. 

It follows from B'p]^ C Mpfg'" that si ^ S2 + n(l - a) - J) . 
Case 2. We assume that Mp,^"' C S^f^. 

Case 2.1. Let j ^ 1. One can find some k £ Z" verifying p'^(pj = p%- It follows that 
2J ~ (A:) 1/(1-"). Thus, 

||^-V^||^.,^^2^-«^||^-V^||p>2^-^^(fc)3^^-i^), (6.21) 

ll^~VfcllMn,« < {k)^+T^\'-J. (6.22) 

So, we have si ^ S2- 

Case 2.2. Let j » 1. We have 

||^-V,L;2^ ^ 2^-«2||^-V,'||p > 2^'^^+^"(^-?). (6.23) 

On the other hand. 



||^-Vi||M,^V" ^ ^ (fe)^^2^""(^-p)M < 2^"(i-")i+^i^'+^""(i-^). (6.24) 

\|fc|i/(i-")^2J' / 

It follows from Mp^ C fi^f^ that si ^ S2 + n(l - a) (l - J - . 

Case 2.3. We denote by Aj the set such that for every fc, Z e Z" n Aj (l / A;), |A; - Z| > C 
and |/c|i/(i-") G [5 • 2^^^ + C2J", 3 • 2^-i - (72^"]. Put 



c{k) 



fceA, 



Using the same way as in the proof of Case 2.2.3 in Theorem 3.1 



< 24^^+"(i-")i+""(i-^;)] , (6.26) 
From Mp,V" C it follows that si ^ S2 + n(l - a) (J - J) ■ □ 
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Proof of Theorem \4.1\ (Necessity) We separate the proof into the following two cases. 
Case 1. We assume that Mp]q^^ C Mp^g"'^ with ai ^ a2- 
Case 1.1. We show that si > S2- Denote 



A2{k) = {le : p-vr^ / 0}. 

We have 

ll<s^-i^"2| 
and 

1 

9 



^-vrL-- ^ (^)^ii=^"Vrpriip ^ (6.28) 



E (o^ii^-vrpni^l • (6.29) 

.«GA2(fc) 



Using Young's inequality and Proposition 2.1, respectively for p > 1 and p < 1, we have 
Since #A2{k) is finite and \k\ ^-"2 ~ |/| for all / € X2{k), one has that 



I^^VrllL^i-i ^ (A;)t^(A;)^^('-^)M < (fc)T^+^^(i-?). (6.30) 



.fc6A2(fc) 



From Mp;° 1 C Mpfg'"^ it follows that si ^ S2. 
Case 1.2. Let A; e Z" with \k\ > 1. Denote 

A*(fc) = eZ" :p^Vr =/'r}- (6-31) 

We have 

ll=^'VrilAf;r^ ^ (fc) 13^+13^ (6.32) 

"(Ql-a2) 1 1 

Since #A*(fc) ~ (k) ^-^i and (A:)i-"i ~ (/)i-"2 for all / G A*(/c), one has that 

ll^"VrilM»2,.2 ^ E > (A:)^(T-^+T-^+T-^l^-pi. (6.33) 



Mplg' C Mpfg'"2 implies that si ^ S2 + n(ai - a2)(^ + J - l). 

Case 1.3. We show that si ^ S2 + n(ai -a2)(^ - ^). Let Aq(/c) be the subset of A*{k) such 
that \l -1\>C for ah [ G A;5(/c) (/ / [). Denote 

/'^=rz^-Vr> /= E f^'^- (6.34) 

ieAS(fc) 

It follows that 

M--= E (')'^ll/^ ^llp > {k)^+^,i^+^A' . (6.35) 
VGA5(fc) / 



45 



On the other hand, 



ieA*{k) 



nan , n 



(Q1-"2) 



and noticing that \f^^\x)\ = {l)^^^ \{^-^){C{l)^^^ {x - we have 



Hence, 

It follows that 



na.2 

\\f\\oo<{k)^. 



""2 n{ai-a2) 



P(l-ai) 



< 



(6.36) 



Mp;^i C Mpfg'"2 implies that si ^ S2 + n{ai - 02) (J - J)- 

Case 2. We assume that Mp^q"^ C Mp'^q"'^ , ai < 02- The idea is the same as in the proof of 

'j^ such that 



Theorem 4.2 and we only give a sketch proof. 

Case 2.1. We show that si > S2. Let k G Z", » 1. One can find some / G 

prpr=/^r>Then, 

„ai ||o 



S2 I ""1 



■^1 no 2^ 



(6.37) 
(6.38) 



Mp,V"' C Mpfq'"' imphes that si ^ S2. 

Case 2.2. We show that si ^ S2 + n(ai — 02) + q ~ 



I ir > 



Mp,V"' C Mpfq'"' implies that si ^ S2 + n(ai - a2)(J + J - l). 
Case 2.3. Let A; G Z" with |A;| > 1, and 

A*(fc) = {/GZ":pfvr = /'r}- 

Let A*Q{k) be the subset of A*{k) such that |/ - [| > C for all /, / G A*Q{k) (/ / [). 

n(a2 — CK]^ ) 

see that #A5(A;) ~ {k) ^-"2 . Put 

/(') = rc.^-Mpr)' /= E z^'^- 

ieA5(fc) 

then, 



° < 




"1 


n(a2-ai) , "o^l 


1-02 


9(1-012) 1-Q2 






"2 


1(02-01) 1 "oi 




1-Q2 


P(l-02) 1-02 



M;,V"i C Mp'fq'"2 implies that si ^ S2 + n(a2 - ai)(J - i). 



(6.39) 
(6.40) 

(6.41) 
It is easy to 

(6.42) 



(6.43) 

(6.44) 
□ 
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7 Counterexamples for the algebra structure 

In order to show that our results are sharp, we need an a-covering which is a shghtly modified 
version in |9j. Let Q{a, r) := nr=i[^« — f,CLi + r] and we consider the following covering of M: 

Qo = [-1, 1], Qj = Q(ur/('-")j, r,iir/(i-")), j / 0. 

Lemma 7.1. Let r > 1/2(1 — a). There exists jo G N, such that {Qj}j(^z is an a-covering 
ofM, where 

/ r, \j\ > jo, 

^ \ suitable, \j\ < jo- 



Moreover, if r < 8/15(1 — a), then 
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Q,±inQ(|jr/(i-")j, -r,|ir/(i--)) = (7.1) 
for all j G Z. 

Proof. Let j > 100. Noticing that Qj+i OQj ^ if and only if 

\j + ^ ^) _ ^.^^^j ^ < |^-|a/{l-a)^- _ 1 a/(l-a) ^ ^7^3) 



In view of mean value theorem, we see that (7.2) is equivalent to 



+ < rj+i\j + ir'^'-"' + rj\j\''^^'-''> , (7.3) 

where S (0, 1). Take r^+i = rj = r. Hence, there exists jo := jo(a) such that for any 
j > joi (7.3) holds. Next, if j > jo, we have 

|j + l|°/(i-")(j + 1) _ r\j + l|"/(i-°) > |j|"/(i-")j + -r|j|"/(i-"), (7.4) 



which implies (7.1) for j > jo. If j < jo, one can choose suitable rj so that the conclusion 
holds. □ 



Using Lemma 7.1 and the idea as in [9], we now construct a new a-covering of M", where 

the original idea goes back to Lizorkin's dyadic decomposition to M". Let j S Z with |j| > jo. 

1 1 

We may assume 8|j|/7r G N. We divide [— |j| , |j| into 16|j|/7r equal intervals: 



1 1 



bh-"J = [rj,-Nj,rj,-N,+i\ U ...U [rJ•^^._l,rJ•7v, 
Denote 

^ = {rj> : jGN,s = -iV,v ,iV,}. 

We further write 



J^" = {/c = (/ci, . . . ^kn) : ki £ ^, max = |j| i-"}. 

l<i<n 

For any A: S ^""j write 

Qfcj = Q(/c,r|j|T^), |j|>jo. 
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From the construction of Qkj one sees that 



J #{Qk'j' ■■ Qk'j' n Qkj / 0} = 2n, 

1 Q{k,r\j\^/2) n Qfe.,v ^0^k' = k,j' = j. 

For |j| < jo) one can choose suitable rj, and in a similar way as above to define 

Qkj = Qik,rj\j\^), l<|j|<jo, Qo = QiO,ro) 

so that 

' #{Qk'j' ■ Qk'j' n Qkj 7^ 0} = 2n, 

< g(A;,rj|j|T^/2)nQfcv/0^A;' = A;,/=j /or j / 0, 
, Q(0, ro/2) n Qfe/jv / 4^ Qfc,jv = Qq- 



(7.5) 



(7.6) 



Lemma 7.2. {Qo} U {Qkj}jez\{o}, ki^X'j '^^ (7.5) and (7.6) zs an a-covering o/M". 
Let r/ : M — 7- [0, 1] be a smooth bump function satisfying 

1, lel < 1/2, 

r?(0 := <( smooth, 1/2 < |e| < 1, (7.7) 

0, iei>i. 



Let r and rj be as in (7.5) and (7.6), respectively. Denote for i = 1, • • • ,n, j 0, 

(t>kj{ii) = V 



1-a / 



k = {ki,--- ,kn) £ ^j, 4>o{ii) = r] [ — ] , 



We put 

^kjiO 



4>kj{0 = (t>kj{il)-4kj{in), 0o(O = (t>o{il)-<pQ{in)- 



^o(e) + E 



fcG,^-,jez\{o} 



</'fci(c) 



, Mi) 



MO + 12ke.Xj,j&\{Q} <PkjiO 



(7.8) 



Lemma 7.3. {ipo} U {M}j&\{o}, ka.Tj as in ([7^ is a p-BAPU. 

On the basis of the above p-BAPU , we immediately have 
Proposition 7.1. Let 0<a<l, 0<p, oo, i/ien 



is an equivalent norm on a-modulation space. 

Theorem 7.1. Let < q < 1, {l/p, 1/q) £ D2, p > 1. If s < sq, then Mplq is not a Banach 
algebra. 
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Proof. Step 1. p > 1, q < 1. Let XA be the characteristic function on A. Now we take for 

J:^jo,i = iJ,J,-,J), 



f = XAiJ), 9 = X-AiJ), A{J) = Q{\jr/('-"k, r\Jr/('-^y2). 



Noticing that 



Hence, 



{X[B-b,B+b] * X[-B-b,-B+b])iO 



0, |ei>26, 



{XA{J) * X-A(J)) iO 



a 

0, ICil > '"I'^h^""^ for some i = 1, ...,ri, 

n 

Y[{r\J\(^) - |^,|<r|J|a^ foralH = l,...,n. 

I. i=i 



(7.9) 



(7.10) 



(7.11) 



Hence, 
One has that 



supp/ * 5 = G : < r\J\ d-) , i = 1, ...,n}. 

n 

1=1 i 

+ (r|J|a^)"-2J]CiC, + ... + Ci...en 

i<j 

:= {r\J\I^)r + R{^,J). 

Let us write 

= {k & J(fp : if ^,77 G supp'^^j, then ^ir]i > for all i = I, ...,n}. 

Let 1 <C i < e| (0 < £ <C 1) and k G jz^-. We may assume that > if ^ G supp^^j. 
Noticing that supp-^itj C Q(0, r| J|°/(^-")), we have 



\\^-'4^kjnf9)\\p 



1=1 



> {r\J\^r\\^-'i;kj\\p-\\^-\^kjR{C,J))\\p 

na. na /-i 1 \ , , ^ ,, 



(7.12) 



(n-l)o 



\\^-\i^kjR{^,J))\\^<\J\^ 



(n-2)a 



i=l 



+ ... + ||^-l(V'fe,-6...Cn)||p. (7.13) 
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For instance, we estimate \\^ ^{i^kjiii2)\\p- Let k be the center of suppV'fcj- We 

\[^'\^kM2)\\^ < \ki\\k2\ ll^'Vfc.llp + \\^'\i^kj{Ci - - k2))\l 

+ \ki\ \\^~Hi'k,{^2 - k2))\l + \k2\ W^-Hi^kMi - ki) 

So, one has that 

\\^-\i^kjR{L J))\l < e\J\T^\j\T=^^'-p\ 



It follows from (7.12) and (7.15) that 



(7.23) yields 



1 na na (-\ i \ 



,l<j<£|J|" 



1/g 



1/9 



\J\-- 
\J\' 



E 1^1 E 1^1 

, Kj<e|J|" 



+«((Tf^ + f^(l-^) + ?) 



On the other hand. 



Similarly, 



s ^ s I na f-i ^\ 



s I na /I _ A \ 
I J| (l-a)-+"l-Q>.-L P-*. 



Hence, in order to Mp''q forms an algebra, one must has that 



s ^ na \ 
(1 — a) ' 1 — a ^ ~ {1 — a) ' \^ (1 — a) 1 — a p q 



2s 2na , 1, na 

+ (1 - -) > r + a 



Namely, 



na na(l — a) / 1 

s> — + — ^ - - 1 

p (2 -a) \q 



Step 2. {1/p, 1/q) £ [0, 1]2 n D2. Let J > 1. Put 

fiO = X[Jl/(l-<»),3Jl/(l-«)]"(0> = X[-3jl/{l-c) _jl/(l-c)]n(0- 

In view of ( |7.10| ) we have 

1 

0, l^il > 2J(i-«) for some i = 1, n. 



(/*?)(0 = < 



n(2j 



- ICil < 2J(i-«) for all i = l,...,n. 



k i=i 
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Hence, 

supp(/ * ?) C {e : \^i\<2J(^) i=l,...,n}. 
Using the same way as in ( |7.23 ), we have for \j\ < eJ and k E sz^j^ 



^-^i^kj^{f9)\\p > JT=^\j\^^^-p. (7.23) 



(7.23) implies that 



n I ^ — ^q — ^ 



1 — a ^ p ' 



ncK /-] 1 \ I n 



> ji3^+i^+T3^(.^-p^+i. (7.24) 



On the other hand, 



s I na /-| 1 \ I n 



s I na 1 I n 

< JT^+T^^^"p^+9 . (7.25) 



Similarly, 



< JT^ + T^^'-^p'+g , (7.26) 



Hence, in order to Mp^q forms an algebra, one must has that 

s> — + 1-- . 7.27 

□ 
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